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Abstract 
A model is developed for the elastic behavior of nanocomposite hydrogels subjected to swelling-drying under an arbitrary 
deformation with finite strains. Novel constitutive equations are derived based on the Flory concept of flexible chains with 
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found by fitting observations on N,N-dimethylacrylamide/hectorite nanoclay hydrogels. The constitutive model describes 
adequately the mechanical response of nanocomposite hydrogels subjected to swelling-drying and solvent exchange. 
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1. Introduction 
This paper deals with constitutive modeling and numerical simulation of the elastic response of nanocomposite 
hydrogels under arbitrary deformations with finite strains. Hydrogels are three-dimensional networks of polymer 
chains bridged by physical (entanglements) and chemical (covalent) cross-links. When a hydrogel is immersed into 
a solvent (conventionally, water), it swells absorbing a significant amount of fluid. A characteristic feature of a 
swollen hydrogel is that it retains structural integrity and behaves as an elastomer being capable to withstand large 
deformations. As the kinetics of swelling and shrinking of hydrogels is driven by external stimuli (temperature, pH, 
ionic strength, etc.), these soft materials demonstrate potential for a wide range of applications including 
biomedical devices, drug delivery carriers, scaffolds for tissue engineering, embolizing agents, and contact lenses, 
to mention a few [1-3]. Water soluble and biocompatible hydrogels serve as promising biomaterial platforms for 
fabrication of tissue grafts, artificial skin, osteoblast cultures, artificial pancreas and articular cartilage, membranes 
in artificial kidneys, etc. A shortcoming of hydrogels that remains the strongest barrier for their application as soft 
biomedical materials is that swollen hydrogels are relatively weak and not sufficiently tough. To improve 
mechanical properties of hydrogels without sacrifice of their swellability and extensibility, concentration of 
reversible physical crosslinks between polymer chains should be increased. This can be done either by 
manipulation of molecular architecture of a polymer network or by reinforcement of the network with nanoparticles 
that serve as effective multi-functional cross-linkers. Recent progress in manufacturing of nanocomposite 
hydrogels with high strength and unique biological properties and advances in application of nanostructured gels in 
the fields of cell culture and tissue engineering have been discussed in [4-6]. 
Constitutive modeling of the mechanical behavior of hydrogels subjected to swelling has been the focus of 
attention in the past decade. Two approaches are conventionally applied to develop stress–strain relations.  
According to the first, the response of a hydrogel is described within the theory of mixtures [7-9]. According to the 
other, governing equations are derived for the polymer network in a hydrogel whose deformation is affected by 
diffusion of solvent [10-12]. In this study, the latter approach is applied. Two novelties of the analysis are to be 
mentioned: (i) the solid phase is treated as a combination of two interpenetrating networks: chains of the first 
network are linked by means of entanglements and move affinely with the hydrogel, whereas chains of the other 
network are connected by junctions with constrained mobility [13], and (ii) the reference configuration of polymer 
chains differs from their initial configuration [14].  The latter assumption allows such phenomena to be described 
as strengthening of nanocomposite hydrogels after drying–swelling [15] and solvent exchange [16,17]. 
2. Constitutive equations 
A hydrogel is treated as a two-phase medium composed of immiscible solid (a permanent network of polymer 
chains) and fluid (solvent molecules diffusing through the network) constituents. Mass exchange between the 
phases is disregarded. The solid and fluid phases are modeled as interpenetrating continua (which means that any 
elementary volume contains elements of both phases). When external loads are applied to a hydrogel immersed into 
a solvent, the hydrogel deforms and solvent molecules migrate through the specimen inducing its swelling and 
redistribution of load. 
To develop a model for large deformations of a hydrogel, we identify its mechanical response with that of the 
polymer network whose behavior is affected by diffusion of solvent. The initial configuration of a hydrogel is 
chosen to coincide with that of an undeformed dry specimen. Transition from the initial configuration to the actual 
configuration is determined by the deformation gradient F. The number of solvent molecules (per unit volume of a 
hydrogel in its initial state) in denoted by nf , where the subscript indices “f" and “s" refer to fluid and solid phases, 
respectively. Volume fractions of solvent and polymer network are given by  
f=nf v(1+nf v)-1,     =(1+nf v)-1, 
where v stands for the characteristic volume of a solvent molecule. 
Under quasi-static deformation of a hydrogel, the first Piola–Kirchhoff stress tensor P satisfies the equilibrium 
equations 
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0 P+b=0  (1) 
inside an arbitrary domain  occupied by the hydrogel in the initial configuration, and  
n0 P+t=0  (2) 
at the boundary  of this domain. Here b denotes volume force, t is surface traction, 0 stands for the gradient 
operator in the initial configuration, n0 is unit outward normal vector at , and the dot stands for inner product. 
Evolution of the number of solvent molecules nf is governed by the differential equations  
nf/ t+ 0 j =R  (3) 
inside  and  
n0 j=-r  (4) 
at . Here R stands for the rate of injection of solvent molecules per unit volume, r is the rate of injection of 
solvent molecules through unit boundary surface, and j denotes the flux vector in the initial configuration (number 
of solvent molecules moving through unit surface per unit time). 
The molecular incompressibility condition reads  
1+nf v=det F  (5) 
which implies that volumetric deformation is driven by changes in the concentration of solvent molecules. 
Solvent diffusion through a homogeneous polymer network is described by the equation  
J=-DNf(kBT)-1 (6) 
where D stands for diffusivity, kB is Boltzmann’s constant, T is absolute temperature, Nf=nf/det F denotes 
concentration of solvent molecules per unit volume in the actual configuration, and J,  are the flux vector and the 
gradient operator in the actual configuration. 
The reference configuration of a hydrogel (the configuration in which stresses in polymer chain vanish) is 
presumed to differ from its initial configuration. Local transformation of the initial configuration into the reference 
configuration is described by the deformation gradient f, while local transformation from the reference 
configuration into the actual configuration is determined by the deformation gradient F . These tensors are 
connected with tensor F by the multiplicative decomposition formula  
F=F f.  (7) 
For an isotropic polymer network, it is natural to set  
f=f 1/3I,  (8) 
where f denotes coefficient of inflation of the network for transition from the initial to the reference configuration, 
and I stands for the unit tensor. It follows from Eqs. (7) and (8) that  
F =f 1/3 F,  (9) 
which implies that the principal invariants of the Cauchy–Green tensor for transition from the reference 
configuration to the actual configuration J1 , J2 , J3  are expressed in terms of the principal invariants of the 
Cauchy–Green tensor for macro-deformation J1, J2, J3 by the formulas  
J1 =f -2/3 J1,  J2 =f -4/3 J2,  J3 =f -2 J3.   (10) 
The free energy density of a hydrogel (per unit volume in the initial configuration) is denoted by . For an 
isotropic polymer network, this thermodynamic potential is given by  
= (J1 ,J2 ,J3 ,nf,t),  (11) 
where an explicit dependence of  on t accounts for rearrangement of the polymer network induced by changes in 
the number of solvent molecules. It is worth noting that we treat the polymer network as a compressible elastic 
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medium subjected to kinematic constraint (5). 
To develop constitutive equations for a hydrogel, we follow the approach proposed in [10]. The equation for 
free energy imbalance reads  
(d/dt) dV-( dV +  t  v dA) 
-( dV+   r dA)  0,  (12) 
where the term in the first parentheses determines work of external forces (per unit time), and that in the other 
parentheses denotes rate of changes in the free energy driven by mass flux. Here  is chemical potential per solvent 
molecules, v denotes the velocity vector, dV is volume element, and dA is surface element in the initial 
configuration. 
Standard transformations imply that Eq. (12) is satisfied for an arbitrary deformation program, provided that 
(i) the Cauchy stress tensor is given by  
T=2(det F)-1 [ f-2/3 ,1 B-f-4/3 J3 ,2B-1 
+(f-4/3 J2 ,2 +f-2 J3 ,3)I ]-  I,  (13) 
where B=F FT is the Cauchy–Green tensor for macro-deformation (T denotes transpose),  is an unknown scalar 
function that strengthens condition (5), and the subscript index after comma denotes partial derivative of function 
(11) with respect to the corresponding argument, (ii) chemical potential  reads  
= / nf +  v,  (14) 
and (iii) the function f  that characterizes evolution of the reference configuration under swelling and drying obeys 
the condition  
/ t-2(3f)-1(f -2/3 ,1 J1+2f -4/3 ,2 J2 
+3f -2 ,3 J3) f/ t 0.    (15) 
Let us consider a hydrogel specimen swollen in a solvent (until concentration of fluid reaches some value nf) 
before external load is applied. Splitting the deformation gradient F into the product of the deformation gradient 
under swelling (1+nf v)1/3 I and that under loading F ,  
F=F (1+nf v)1/3  (16) 
and using Eq. (13), we arrive at the formula  
T=2(1+nf v)-1 { ((1+nf v)/f) 2/3 ,1 B
-((1+nf v)/f) 4/3 J 3 ,2 (B ) 
with B =F F  
In some sense, Eq. (17) can be thought of a mixture of conventional stress–strain relations for compressible and 
incompressible elastic media. When the strain rate exceeds strongly that for solvent diffusion (which means that nf  
remains constant under deformation and J 3=1 in accord with Eq. (5)), Eq. (17) implies that  
T=-pI+2(1+nf v)-1[((1+nf v)/f)2/3 ,1 B
  (18) 
where  
p= -2(1+nf v)-1[((1+nf v)/f)4/3 J 2 ,2 
+((1+nf v)/f)2 J 3 ,3].  (19) 
Eq. (18) differs from the conventional stress-strain relation for an incompressible elastic medium by the 
presence of multipliers in the parentheses only. 
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On the other hand, in the analysis of free swelling of a hydrogel (transition from its initial state to the fully 
swollen state in which external forces vanish), we set B =I, calculate  from the equilibrium condition T=0 (with 
J 1=J 2=3 and J 3=1), insert the result into Eq. (14), equate chemical potential of solvent molecules in the hydrogel 
to that in the bath 0, and arrive at the nonlinear algebraic equation  
0= / nf+2v(1+nf v)-1[((1+nf v)/f)2/3 ,1 
+2((1+nf v)/f)4/3 ,2+((1+nf v)/f)2 ,3]  (20) 
for equilibrium concentration of solvent molecules nf. 
Following the conventional approach [10,11], we split free energy density  into the sum of strain energy 
density of a polymer network net and the Flory–Huggins energy of mixing of solvent molecules with polymer 
chains  
= net+ mix. 
With reference to the Flory concept of flexible chains with constrained junctions [13], the following expression 
is adopted for the specific free energy of the network [12]:  
net=(G1/2)[(J1 -3)-(1/2)ln J3 ] 
+(G2/2)[(J2 /J3 (21) 
where G1 and G2 are elastic moduli. Eq. (21) presumes the polymer network to be composed of two 
interpenetrating networks of flexible chains: chains of the first network are bridged by entanglements that move 
affinely (strain energy density of this network is described by the expression in the first square brackets), whereas 
chains of the other network are connected by non-affine junctions whose motion is constrained by surrounding 
macromolecules (strain energy density of constrained chains is given by the expression in the other square 
brackets). 
Although Eq. (21) is convenient for simulation (its structure is simple and it involves only two adjustable 
parameters G1, G2), it is hard to expect that this relation can describe correctly the mechanical behavior of 
nanocomposite hydrogels. With reference to the Gent proposal [18], we replace the expression (J1 -3) in the first 
square brackets with its logarithmic counterpart  
-Jln [1-(J 1 -3)/J], where the dimensionless coefficient  
J characterizes extensibility of chains, and replace the entire expression in the last square brackets with its power-
law analogue. This results in the formula  
net=-(G1/2)[J ln (1-(J1 -3)/J)+(1/2)ln J3 ] 
+(G2/2)[1+((J2 /J3  
Under swelling, both networks are assumed to inflate separately, which means that the quantities J1 , J2 , J3  in 
the first and second terms are expressed by means of the principal invariants of the Cauchy–Green tensor for 
macro-deformation with the help of Eq. (10) with different coefficients f1 and f2. Insertion of these equations into 
Eq. (18) results in the conventional stress–strain relation  
T=-pI+2 s[ 1 B - 2 (B (23) 
with  
1=(G1/2)X1 2/3[1-(X12/3 J°1-3)/J]-1-G2  X2-4/3 
[1+(X2-4/3(J°22-2J°1)-2X 2-2/3 J°2+3)] -1, 
2=G2  X2-2/3[1+(X2-4/3(J°22-2J°1)-2X 2-2/3 J°2+3)] -1  
(X2-2/3 J°2-1),                (24) 
where  Xm=(1+nf v)/fm    (m=1,2). 
Eq. (23) describes rapid (transport of solvent is disregarded) mechanical response of a nanocomposite hydrogel 
with an arbitrary degree of swelling (determined by nf) under an arbitrary deformation with finite strains. 
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3. Fitting of observations 
Under uniaxial tension of an incompressible medium, the deformation gradient reads  
F (25) 
where em are unit vectors of a Cartesian frame, and k denotes elongation ratio. Substituting Eq. (25) into Eq. (23), 
and taking into account that the Cauchy stress tensor is given by T= ke1e1, where  is engineering stress, we find 
that  
=2 s( 1+ (26) 
The stress–strain relation (26) involves six adjustable parameters with transparent physical meaning: (i) G1, G2 
are elastic moduli of the polymer networks with affine and constrained junctions, (ii) parameters X1, X2 characterize 




Figure 1: Stress  versus elongation ratio k. Symbols: experimental data in tensile tests on DMAA-NC hydrogels subjected to drying down to 
various concentrations of water Cw wt.% and subsequent swelling up to 720 wt.% of water (  as-prepared;  Cw = 300;  Cw = 170;  Cw = 80; 
 Cw = 6). Solid lines: results of numerical simulation. 
To demonstrate the necessity to take into account the difference between the initial and reference configurations, 
we analyse observations on N,N-dimethylacrylamide/synthetic hectorite nanoclay (DMAA-NC) hydrogels [15]. 
Hydrogels were prepared by in-situ polymerization of DMAA monomers in an aqueous dispersion of exfoliated 
nanoclay by using potassium persulfate (KPS) as an initiator and tetramethylethylenediamine (TEMED) as a 
catalyst. We focus on experimental data on nanocomposite hydrogels with 2.97g of monomers, 1.14 g of clay and 
30 g of water, which results in s=0.12 and water content Cw=720% in as-prepared samples. Uniaxial tensile tests 
were performed at room temperature with strain rate 0.02 s-1 up to breakage of specimens. As the duration of tests 
was less than 10 min, the effect of solvent diffusion and evaporation is neglected. To assess the influence of drying-
swelling on mechanical properties of hydrogels, the following procedure was chosen. First, tensile test was 
conducted on an as-prepared specimen. Afterwards, the specimen was subjected to drying until the water content 
was reduced down to some value Cw (in the interval between 6% and 300%). Then the dry sample was allowed to 
swell under control in order to reach the same water content as in the as-prepared specimen. The specimen suffered 
drying-swelling was subjected to tension under the same conditions as the as-prepared specimen. Observations in 
tensile tests are depicted in Figure 1, where engineering stress  is plotted versus elongation ratio k. 
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Figure 2: Parameters X1, X2 versus concentration of solid phase under drying s0. Circles: treatment of observations on DMAA-NC hydrogel. 
Solid lines: approximations of the data by Eq. (27). 
To find adjustable parameters in the constitutive equations, we, first, approximate the stress-strain diagram for 
the as-prepared hydrogel (for which we set X1=X2=1) and obtain G1=13.2 kPa, G2=31.4 kPa, =0.93, J=250. The 
stress-strain curves on specimens subjected to drying-swelling are matched by using two parameters X1, X2 only. 
These quantities are plotted versus concentration of solid phase under drying s0 in Figure 2, where the data are 
approximated by the linear equations 
 
X1=X10+X11 s0,   X2=X20+X21 s0              (27) 
 
with coefficients calculated by the least-squares technique. Figure 2 demonstrate that Eq. (27) describes adequately 
the effect of drying on evolution of the reference configuration, provided that different coefficients are used below 
and above some threshold concentration s0
 
Figure 3: Stress versus elongation ratio k. Symbols: experimental data on DMAA-NC hydrogels swollen for 200 h in various solvents and 
dried down to the degree of swelling for as-prepared specimens (  water;  methanol;  ethanol). Solid lines: results of numerical simulation. 
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We proceed with evaluation of the effect of solvent exchange on the mechanical response of the same 
nanocomposite hydrogel [16]. As-prepared  hydrogel specimens were allowed to swell in water and alcoholic 
solvents (methanol and ethanol) for 200 h. Then the samples were carefully dried until solvent content was reduced 
to the same value Cw=720% as in as-prepared specimens. Afterwards, tensile tests were carried out on as-prepared 
specimens and those subjected to the swelling-drying procedure. Experimental data in uniaxial tensile tests are 
presented in Figure 3 (observations on  
Adjustable parameters are determined by using the above algorithm. First, the stress-strain diagram for the as-
prepared sample is approximated under the condition X1=X2=1 to get G1=19.6 kPa, G2=27.1 kPa, =0.93, J=289. 
Then the other curves in Figure 3 are fitted with the help of two parameters, X1 and X2, only. These quantities read 
X1=1.35, X2=0.30 for ethanol, and X1=1.29, X2=0.63 for methanol. 
We now focus on observations in tensile tests on the same nanocomposite hydrogel whose as-prepared samples 
were immersed for 24 h into aqueous solutions of salts (NaCl, CaCl2, and AlCl3 with the same ionic strength) and 
carefully dried  to the same solvent content  Cw as in as-prepared specimens [17]. Experimental data in tensile tests 
are depicted in Figure 4. 
 
 
Figure 4: Stress versus elongation ratio k. Symbols: experimental data on DMAA-NC hydrogels immersed in aqueous solutions of salts for 24 
h and dried down to the degree of swelling for as-prepared specimens ( as-prepared;  0.1M NaCl; 0.05M CaCl2;  0.033 M AlCl3) Solid 
lines: results of numerical simulation. 
The data depicted in Figure 4 are approximated by using the above algorithm. Fitting of the stress-strain curve 
on as-prepared specimens results in G1=61.5 kPa, G2=1.2 kPa, =0.93, J=278. Matching observations on samples 
subjected to solvent exchange implies that X1=1.04, X2=0.35 for NaCl, X1=1.17, X2=0.27 for CaCl2, and X1=1.33, 
X2=0.13 for AlCl3. 
4. Conclusions 
Constitutive equations are developed for the elastic response of nanocomposite hydrogels subjected to swelling 
under an arbitrary deformation with finite strains. A hydrogel is treated as a two-phase medium composed of a 
permanent polymer network and solvent molecules. Following the Flory concept of polymer networks with 
constrained junctions, the network is thought of as a combination of two networks: one of them deforms affinely 
(entangled polymer chains), while motion of the other (network of clay platelets) is constrained by surrounded 
chains. The model takes into account changes in the reference configurations of both networks induced by 
diffusion of solvent molecules.  
45 A.D. Drozdov and J. de C. Christiansen /  Procedia Engineering  59 ( 2013 )  37 – 45 
The stress-strain relations are derived from the free energy imbalance equation (an analog of the second law of 
thermodynamics). They involve six adjustable parameters that are found by fitting observations in uniaxial tensile 
tests on DMAA-NC hydrogels subjected to swelling and drying. It is demonstrated that these processes affect 
mainly the network of clay platelets (strong changes in X2), whereas these influence on the polymer network is of 
secondary importance. 
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